We show that, when a non-integrable rational map changes to an integrable one continuously, a large part of the Julia set of the map approach indeterminate points (IDP) of the map along algebraic curves. We will see that the IDPs are singular loci of the curves.
I. INTRODUCTION
When we study the transition of a non-integrable map to an integrable one, we must know the behavior of the Julia set [1] . If there exists the Julia set, some orbits generated by the map are disturbed by the set and behave chaotic. On the other hand an integrable map has no Julia set, so that we can decide the behavior analytically for all initial points.
The Julia set is the closure of the set of repulsive periodic points of a map. It has been studied, for a long time, how it behaves and how it is created from integrable maps. There have been known some important results, such as the Poincaré-Birkhoff fixed point theorem and the KAM theorem [2, 3] , which describe how the transition takes place. Since this phenomenon is quite singular, however, all results so far known are based on perturbation.
We would like to know analytically what happens at the transition point. How and where the Julia set disappears in an integrable limit. To explore the phenomenon it is convenient to study a map with a parameter which interpolates between these two regimes. We have been studying many rational maps in this way and have shown how periodic points of low periods move around as the parameter varies and where they approach in the integrable limit [4] .
We have shown, in our previous works [4, 6] , that the periodic points of an integrable map form a variety different for each period. We called such a variety an invariant variety of periodic points, or IVPP, because the variety is determined by the invariants of the map alone. Some of the periodic points of a non-integrable map were shown to approach IVPPs in the integrable limit. An interesting fact found in [4] was that there are many other points which move, instead of IVPP, to indeterminate points (IDP) of the map. In other words the IDP, where the denominator and the numerator of the map vanish simultaneously, are the source of the Julia set, such that the Julia set is created as the map becomes non-integrable.
The work of [4] was done by studying every path of a periodic point analytically as the value of the parameter changes, by using computer algebra. Although this method is sufficient to have information of the path one by one, it does not provide global information.
In this note we would like to study the global feature of the transition. Namely we derive algebraic curves along which the periodic points approach the IDPs. We will show that a set of periodic points of each period are on one algebraic curve and move to the IDP simultaneously in the integrable limit. This means that the IDP is a singular locus of the curve. Since periodic points of all periods approach there altogether, a large part of the Julia set itself degenerate to the singular locus, if they do not approach IVPPs.
The singular locus of algebraic hypersurface has been one of the main subjects to study in mathematics [5] . When the characteristic is zero, like our case, the Hironaka theorem shows desingularization of the singular locus. It is interesting to mention that the singularity of an algebraic curve corresponds to the integrable limit of non-integrable rational maps. We can provide many examples which show this correspondence, although we present here only one of them.
II. PATHS OF PERIODIC POINTS TOWARD INTEGRABLE LIMIT
We consider, in this note, only one simple map to clarify our argument. We can present many other examples to support our results, but they are more or less similar. The map we consider is the following:
where x, y ∈ C and a ∈ C is a continuous parameter. Notice that, when a = 0, this map has an IDP at (x, y) = (1, 1).
A. Integrable limit
When a = 0, the map F 0 (x, y) is integrable. In fact, F 0 (x, y) has the invariant r = xy and reduces to the Möbius map
The periodic points of n period of the map (1) are obtained by solving the condition
When the map is integrable, however, there is a simple way to find them. Namely the singularity confinement enables us to generate IVPPs iteratively [4, 7] . To start with we choose an initial point at p (0) = (1, r), so that the map undergoes according to
Since the point p (n) = (x (n) , y (n) ), after n steps of the map, must diverge at the periodic points of period n − 1, the denominator of x (n) vanishes there. For example, from (3), we see that the periodic points of period 3 is on the line specified by r + 3 = 0. In this way we find that the IVPP of period n is given by the curve,
D1. IVPPs of the Möbius map
We notice that there is no IVPP of period 2 when a = 0.
B. Fixed points
There are two fixed points of F a (x, y) at (x, y) = (0, 0) and (−a, 0), Although the fixed points are not considered being periodic in general, they form the line y = x in the integrable limit in this particular map.
C. Period 2 points
When a = 0, we must solve the periodicity condition (2) to find the period 2 points.
They are at (x, y) = (x
Now we recall that, in the a = 0 case, there is no IVPP of period 2, while the period 2 points of (4) exist at a = 0. But the point (x, y) = (1, 1), where the period 2 points of (4) approach, is exactly the IDP of the map F 0 (x, y). Therefore all period 2 points approach the IDP in this case, and none of them move to IVPP, in the integrable limit.
The explicit expression of the points like (4) is not easy to find as the period n becomes large. It will be more convenient to present the polynomial function K (n) a (x) from which we can derive x
In the period 2 case we obtain
from which we find (4) immediately. This is the way we studied the behavior of periodic points in our previous papers [4, 6, 7] .
Now we want to know the paths of the periodic points along which they move as a changes and approaches in the limit a = 0. We can do it if we eliminate the parameter a from K
a (x) = 0 and y − L
a (x) = 0 of (5). The result we obtain is the algebraic curve G (2) (x, y) = 0, with
This curve certainly passes the IDP (1, 1), hence G (2) (1, 1) = 0, as we can check easily.
From (5) we see that it corresponds the integrable limit a = 0. To see the paths of period 2 points, we can draw the curve on the (x, y) real plane. We find a curve in FIG. 1.
Notice that the IDP (1, 1) is shifted to the origin in this graph. From this picture it is apparent that the IDP is the singular locus of the curve (6) . In fact we can convince ourselves that the multiplicity of the curve at the point (1, 1) is two. Since K
a (x) and L (2) a (x) are smooth functions of a, two periodic points must approach IDP along this curve at the same time, continuously as a becomes small. 
D. Period 3 points
By solving (2) for n = 3, we obtain the functions K a (x), which are given by
From this result we see that there are nine period 3 points. It is already not easy to know how each of the nine points moves as the parameter a changes. Nevertheless we can say that, as a becomes small, three of them approach to the IVPP curve xy + 3 = 0 and the rest move toward the IDP (1, 1). We can convince ourselves if we notice that K
at a = 0.
We have studied, in our previous work [4] , the behavior of the 3 point Lotka-Volterra map by using this method. The best we could do was to investigate the behavior of period 2 points. The new method we used in the previous subsection, however, suggests that we might get much more information if we can eliminate the parameter a from K
a (x) = 0 and y − L a (x) = 0. In fact we can use the elimination program of computer algebra to obtain an algebraic curve G (3) (x, y) = 0 in this way, where 
If we plot the result we obtain a curve, as we show in Fig.2 and Fig.3 .
This picture shows us many important information, which we can not guess from the algebraic expression of G (3) (x, y). The IDP (1, 1) is again the singular locus of the curve.
The multiplicity of the point is six, so that six period 3 points approach the singularity in the integrable limit. 
E. Period 4 points
We can use the computer algebra to solve the periodicity condition (2) in the case n = 4 as well and obtain K a (x). Since their expressions are too big to present here, we report only the special case a = 0 of K (4) a (x). It is given by
from which we can see that twelve out of sixteen points of period 4 move to the IDP (1, 1) and four other points approach the IVPP of period 4.
In order to find the paths of the periodic points as a becomes small, we must derive the algebraic curve by the elimination of a from K (4) a (x) = 0 and L (4) a (x) = y. The formula of the curve G (4) (x, y) = 0, thus obtained, is the 27th degree in x and the 22nd degree in y.
It is given in Appendix. If we draw the curve, we again confirm that the IDP (1, 1) is the singular locus of the curve. In the period 4 case we can check that this is a 12-ple point, hence twelve lines cross at this point, as we see in Fig.4 and Fig.5 . 
III. REMARKS
Some remarks are in order.
1. We have presented the behavior of periodic points in this note only those of small number of period. Nevertheless we are certain that all other periodic points of higher periods behave similar, because of the IVPP theorem [4, 6] . In particular the periodic points will approach the IDP (1, 1) as a becomes zero, if they do not move to the IVPPs. Since this is true for all periods, we can say that a large part of the Julia set approach the IDP. This is the phenomenon we found already in [4] , but we could not understand it well. Now the reason why this happens is clear because the IDP is a singular locus of the curve of each period. The loci of the curves of all periods degenerate there altogether.
The Julia set is understood generally that it is produced via destruction of invariant
tori by a perturbation. The Poincaré-Birkhoff fixed point theorem as well as the KAM theorem are based on this point of view [2, 3] . This corresponds to the part of the Julia set which approach to the IVPPs in our analysis. Since we know now that a large part of the Julia set is produced also from the IDPs of a rational map, we must change our view.
3. In this note we have studied a simple rational map, so that we can manage all formula explicitly. In particular the IDP of this map is a point. If we study higher dimensional maps, we should have a set of IDPs which might form a hypersurface. In fact the IDPs of d dimensional Lotka-Volterra map form a variety of d − 2 dimensional hypersurface.
Therefore we should have higher dimensional singular locus of higher dimensional algebraic varieties. We will report some results in our forthcoming paper.
The function G (4) (x, y) is as follows: 
